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■ Abstract 

We consider the semihnear wave equation with power nonhnearity in one space 
, dimension. Given a blow-up solution with a characteristic point, we refine the blow- 

■ up behavior first derived by Merle and Zaag. We also refine the geometry of the blow- 
(-H , up set near a characteristic point, and show that except may be for one exceptional 

situation, it is never symmetric with the respect to the characteristic point. Then, 
we show that all blow-up modalities predicted by those authors do occur. More 
precisely, given any integer fc > 2 and Co S IRj we construct a blow-up solution 
with a characteristic point a, such that the asymptotic behavior of the solution near 
CN| ■ (a,T(a)) shows a decoupled sum of fc solitons with alternate signs, whose centers 

^ , (in the hyperbolic geometry) have e^s a center of mass, for all times. 

in ■ MSG 2010 Classification: 35L05, 35L71, 35L67, 35B44, 35B40 

Keywords: Semilinear wave equation, blow-up, one-dimensional case, radial case, 
characteristic point, multi-solitons. 

1 Introduction 

^ \ We consider the one-dimensional semilinear wave equation 



u{Q) = uq and dtu{0) = ui, 



[I) 



where u{t) : x G R — > u{x,t) G IR, p > 1, uq G Hiocu ^^'^ ^ -l^focu "^i^h ||f||?2 



loc,u 



a£TR.J\x-a\<l 

We solve equation ([1]) locally in time in the space Hj*^^ ^ x L^^^ ^ (see Ginibre, Soffer and 
Velo [11], Lindblad and Sogge |15)). For the existence of blow-up solutions, we have the 
following blow-up criterion from Levine |14) : If {uo,ui) G x L^(IR) satisfies 

+ hd.uo{x)\' - -±,^\uo{x)\P+A dx < 0, 
\2 2 p + 1 J 
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then the solution of ([T]) cannot be global in time. More blow-up results can be found in 
Caffarelli and Friedman [7, 6j, Alinhac [H H] and Kichenassamy and Liftman |12| 113). 

If u is an arbitrary blow-up solution of ([!]), we define (see for example Alinhac [Ij) 
a 1-Lipschitz curve T = {(x,T{x))} such that the maximal influence domain D oi u (or 
the domain of definition of u) is written as 

D = {{x,t)\t<T{x)}. (2) 

T = mix£TR, T{x) and F are called the blow-up time and the blow-up graph of u. A point 
xq is a non characteristic point if 

there are 6o G (0, 1) and to < T{xq) such that u is defined on '^^^ T(xo) Sq ^ ^o} 

' ' (3) 

where 'i^xtS ~ {(^lO \ t < t — 6\x — x\}. We denote by ^ (resp. o5^) the set of non 
characteristic (resp. characteristic) points. 

In order to study the asymptotic behavior of u near a given {xo,T{xq)) G F, it is 
convenient to introduce similarity variables defined for all xq G H and Tq G IR by 

w^,,To{y,s) = {To-t)^^u{x,t), y = ^^^, s = -login -t). (4) 

If To = T(xo), we will simply write Wx^ instead of u^xo,T(a;o)- The function w = Wxq 
satisfies the following equation for all y G (—1, 1) and s> — logT(xo): 

dlw = ££w- l^^^u- + \w\^-^w - - 2ydl ,w, (5) 

(p — 1)^ p — 1 ^' 

1 2 

where = -dy{p{l — y'^)dyw) and p=(l — (6) 

This equation can be put in the following first order form: 

d, f ""i^ = ( 2{p + 1) , ,„!i p - 3 ^ ^ I . (7) 

\W2j y^wi - j^—^wi + \wi\^ wi - ^—^W2 - 2ydyW2 ' 

The Lyapunov functional for equation (j5]) 

E{w(s)) = j'^ Q [dswf + \ {dywf (1 - 2/2) + ^^^^v? - ) Pdy (8) 



is defined for {w,dsw) G J^f where 



\\{quq2)\\^^ ^ [ql + {q[f (1 - y') + qf) pdy < +oo 



(9) 



We also introduce the projection of the space ([9| on the first coordinate: 



^0 = <^ r G Hi 



loc 



lrl|2 



(r2 + [r'f (1 - 2/2)) pdy < +oo| . 
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Finally, we introduce for all |d| < 1 the following stationary solutions of (|5]) (or solitons) 
defined by 



(1 _ 

K{d,y) = kq — where kq 

(1 + dy)~ 



2(p + 1] 
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and \y\ < 1. 



(10) 



In |22 | I23 | [26 | 127) (see also the note |E3)) Merle and Zaag gave an exhaustive descrip- 
tion of the geometry of the blow-up set on the one hand, and the asymptotic behavior 
of solutions near the blow-up set on the other hand (they also extended their results to 
the radial case with conformal or subconformal power nonlinearity outside the origin in 
[25]): 

- Geometry of the blow-up set: In [23, Theorem 1] (and the following remark), and |27| 
Theorems 1 and 2] (and the following remark), the following is proved: 

(i) ^ is a non empty open set, and x i— )• T{x) is of class on 

(a) 5^ is made of isolated points, and given xq G 5^ , if < \x — xo\ < 5q, then 



\x — Xo\ 



Col log(x - xo)| 



rj- < T{x)-T{xo) + \x-xo\ < 



Co\x - xo\ 



log(x - Xo] 



(k(xo)-l)(p-l) 



for some 5o > and Cq > 0, where k{xQ) > 2 is an integer. Moreover, estimate (|lip 
remains true after differentiation. 

- Classification of the blow-up behavior near the singularity in {xq,T{xo)): From |22| 
Corollary 4 page 49, Theorem 3 page 48], |23| Theorem 1 page 58] and |26| Theorem 6], 
we recall the asymptotic behavior of u{x, t) near the singular point (xq, T'(xo)), according 
to the fact that xq is a non-characteristic point or not: 

(Hi) There exist fiQ > and Cq > such that for all xq £ Si, there exist 0(xo) = ±1 
and so(xo) > — logT(xo) such that for all s > sq: 



0{xo) 



<T'{xo))\ 



< Coe 



-Ato(s-So) 



(12) 



Moreover, E{wxo{s)) E{ko) as s ^ oo. 
(iv) If Xq G , then it holds that 



xo \ 



dsWxois) 



/k{xo) 

i-iy-^^idiis)) 

i=l 

\ 



and E{wxo{s)) — > k{xQ)E{KQ) 



(13) 

as s — 7- oo, where the integer k{xQ) > 2 has been defined in (jlip . for some Oi = ±1 
and continuous di{s) = — tanh^j(s) G (—1,1) for i = 1, /c(xo). Moreover, for some 
Co > 0, for all i = 1, A;(xo) and s large enough, we have 



Us) 



{k{xQ) + l)\ {p-l) 



log s 



<Co. 



(14) 
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Our first result refines the expansion (|14p up to the order o(l). Introduce 

Us) =(i- ^-^^] log s + a,{p, k) (15) 



where the sequence {ai)i=i^...^k is uniquely determined by the fact that (Cj("S))i=i,...,A; is 
an explicit solution with zero center of mass for the following ODE system: 

ci 

where ci = ci{p) > and Coi^) = Ck+ii^) = (see (|30p below for a proof of this fact). 
Note that ci = ci{p) > is the constant appearing in system (|27p . itself inherited from 
Proposition 3.2 of [26]. With this definition, we can state our first result: 

Theorem 1 (Refined asymptotics near a characteristic point). Consider u{x,t) a blow- 
up solution of equation ([1]) and xq a characteristic point with k{xo) solitons. Then, there 
is Coi^o) £ IR- such that estimate (|13p holds with 

Ms) = -tanhCi(s) and Ciis) = Ciis) + Co, (17) 
where Ci(s) is introduced above in (|15p . 

Remark. As one can see from (|17p and (jlSp . Co is the center of mass of the Ci(s) for 
s > -logT{xo). 

Remark. Following the analysis of Merle and Zaag in |25) , our result holds with the same 
proof for the higher-dimensional radial case 

d?u = dlu + dru + |uP~^n, with p<l + — ^ if iV > 2, (18) 

r A* — 1 

provided that we consider a characteristic point different from the origin. 

Theorem [1] enables us to refine estimate (jlip proved in [27] for T{x) and T'{x) when 
X is near a characteristic point. More precisely, we have the following: 

Corollary 1.1 (Refined behavior for the blow-up set near a characterstic point). Con- 
sider u{x, t) a blow-up solution of equation ([T|) and xq a characteristic point with k{xQ) 
solitons and Co{xo) G R as center of mass of the solitons' center as shown in p3l) and 
(fTTp . Then, 

( ^e'^^^^'^^o^^oVl ofl)) \ 

^'(-) = -^(-) 1 - IZZ!^^ (19) 

\ |log|x-xo|| 2 / 

, , , , 7e-2^(^)^o(^o)b-xo|(l + o(l)) , , 

T{x) = Tixo) -\x- xo\ + ^ ' (.(.o)-i)(.-i) (20) 

I log \x — Xoll 2 

as X ^ xq, where 9{x) = and 7 = 7(p) > 0. 

Remark. Unlike what one may think from the less accurate estimate (jlip . we surpris- 
ingly see from this corollary that the blow-up set is never symmetric with respect to a 
characteristic point xq, except maybe when C,o{xo) = 0- 
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Remark. As usual in blow-up problems, the geometrical features of the blow-up set (here, 
T{x) and T'{x)) are linked to the parameters of the asymptotic behavior of the solution 
(here, k{xQ) the number of solitons in similarity variables and Co(^o)) the location of 
their center of mass). 

Following this classification given for arbitrary blow-up solutions, we asked the ques- 
tion whether all these blow-up modalities given above in (in) and (iv) (refined by The- 
orem [T| do occur or not. 

As far as non-characteristic points are concerned, the answer is easy. Indeed, any 
blow-up solution (for example those constructed by Levine's criterion given on page [T|) 
has non-characteristic points, as stated above in fact (i) oi page [3]. 

Regarding the asymptotic behavior, any profile given in (|12p does occur. Indeed, note 
first that for any d G ( — 1, 1), the function 



is a particular solution to equation ([T|) defined for all (x,t) G IR? such that l — t + dx > 0, 
blowing up on the curve T{x) = 1 + dx and such that for any xq G R, T'{xq) = d and 
Wxo{y,s) = n{d,y) = n(T'(xo),y), and (|12p is trivially true. However, this is not a 
solution of the Cauchy problem at t = 0, in the sense that it is not even defined for all 
X G IR when t = 0. This is in fact not a problem thanks to the finite speed of propagation. 
Indeed, performing a truncation of (|2ip at t = 0, the new solution will coincide with (|2ip 
for all |xo| < R and t G [0, T(xo)) for some R > 0, and (|12p holds for the new solution 
as well, for all |xo| < R- 

Now, for characteristic points, the answer is much more delicate. Unlike what was 
commonly believed after the work of Caffarelli and Friedman |7j |6], Merle and Zaag 
proved in^26j Proposition 1] the existence of solutions of ([T]) such that 



Since that solution was odd by construction, the number of solitons appearing in the 
decomposition (|13p has to be even. No other information on the number of solitons was 
available. After this result, the following question remained open : 

Given an integer k >2, is there a blow-up solution of equation ([T| with a character- 
istic point Xq such that the decomposition p3p holds with k solitons? 

In this paper, we show that the answer is yes, and we do better, by prescribing the 
location of the center of mass of the Ci{s) in f|14p . This is our second result: 

Theorem 2 (Existence of a solution with prescribed blow-up behavior at a characteristic 
point). For any integer k > 2 and ^ IR-; there exists a blow-up solution u{x,t) to 
equation ^ in H^^^ ^ x L^^^^(IR) with G =5^ such that 




(21) 




(22) 



with 



di{s) 



tanhCi(s), Ci{s) 



Ci{s) + Co 



(23) 



and Ciis) defined in psp . 
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Remark. Note from (|23p and (jlSp that the barycenter of Ci(s) is fixed, in the sense that 



Ci{s) + ■ ■ ■ + Ckis) Ci{s) + ■ ■ ■ + Ck{s) 



k 



k 



+ Co = Co, Vs>-logr(0). (24) 



Remark. Note that this result uses our argument for Theorem [H in particular our analysis 
of ODE (|27p given in section [2] below. As we pointed out in a remark following Theorem 
[U our result holds also in the higher-dimensional radial case (jlSp . in the sense that for 
any ro > 0, we can construct a solution of equation (|18p such that its similarity variables 
version WrQ{y,s) behaves according to (|22p with the parameters di{s) given by (|23p . 

Remark. We are unable to say whether this solution has other characteristic points or 
not. In particular, we have been unable to find a solution with ^5^ exactly equal to {0}. 
Nevertheless, let us remark that from the finite speed of propagation, we can prescribe 
more characteristic points, as follows: 

Corollary 1.2 (Prescribing more characteristic points). Let I = {l,...,no} or / = N 

and for all n ^ I, x„, G R, T„ > 0, A;„ > 2 and (^o,n. £ such that 

Then, there exists a blow-up solution u{x,t) of equation ([T|) in Hj^^^ x L^^^^(IR) with 
{xn \ n £ 1} C y, T{xn) = Tn and for all n £ I, 



i=l 





as s — )• oo, 



.if 



with 



\fi = 1, . . . ,kn, di,„(s) = -tanhCi,n(s), Cj,n(s) = Ci(s) + Co,n 
and Ci{s) defined in (jlSp . 

Remark. Again, we are unable to construct a solution with = {x„ | n G /}. 

As one can see from (|22p and (|23p . the solution we have just constructed in Theorem 
12 behaves like the sum of k solitons as s — )• oo. In the literature, such a solution is called 
a multi-soliton solution. Constructing multi-soliton solutions is an important problem in 
nonlinear dispersive equations. It has already be done for the critical and subcritical 
nonlinear Schrodinger equation (NLS) (see Merle |19) and Martel and Merle |17)). the 

critical and subcritical generalized Korteweg de Vries equation (gKdV) (see Martel 
[16]), and for the supercritical case both for (gKdV) and (NLS) equations in Cote, 
Martel and Merle [8]. 

More generally, constructing a solution to some Partial Differential Equation with a 
prescribed behavior (not necessarily multi-solitons solutions) is an important question. 
We solved this question for (gKdV) in Cote [H |5], and also for parabolic equations 
exhibiting blow-up, like the semilinear heat equation with Merle in |2H 120). the complex 
Ginzburg-Landau equation in |28) and with Masmoudi in |18) . or a gradient perturbed 
heat equation with Ebde in [9]. In all these cases, the prescribed behavior shows a 
convergence to a limiting profile in some rescaled coordinates, as the time approaches 
the blow-up time. 
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Surprisingly enough, in both the parabohc equations above and the supercritical 
dispersive equations treated in |8], the same topological argument is crucial to control 
the directions of instability. This will be the case again for the semilinear wave equation 
([1]) under consideration. Our strategy relies on two steps: 

- Thanks to a dynamical system formulation, we show that controlling the similarity 
variables version w{y,s) ([5]) around the expected behavior (|22p reduces to the control 
of the unstable directions, whose number is finite. This dynamical system formulation is 
essentially the same as the one that allowed us to show that all characteristic points are 
isolated in |27] . Then, we solve the finite dimensional problem thanks to a topological 
argument based on index theory. This solves the problem without allowing us to prescribe 
the center of mass as required in (|24p . 

- Performing a Lorentz transform on the solution we have just constructed, we are 
able to choose the center of mass as in (|24p . 

Notice that in |8l [191 IIS]) the construction was done backward in time and used a 
compactness argument. We emphasize that this strategy is not available here, because 
we work in a light cone only; so we construct the desired solution forward in time directly 
via the topological argument. 

This paper is organized in three sections: In Section [21 we refine the blow-up behavior 
at a characteristic point and the geometry of the blow-up set and prove Theorem [1] 
together with Corollary 11.11 Then, in Section [3l we construct a multi-soliton solution 
in similarity variables. Finally, in Section [4l we translate this construction in the u{x,t) 
formulation, and then use a Lorentz transform to prescribe the center of mass to finish 
the proof of Theorem [2] and Corollary 11.21 

2 Refined asymptotics near a characteristic point 

In this section, we prove Theorem [1] and Corollary II. 1| refining the description given in 
|26) for the blow-up behavior at a characteristic point together with the geometry of the 
blow-up set. We proceed in two subsections, the first devoted to the proof of Theorem [1] 
and the second to the proof of Corollary 11.11 

2.1 Refined blow-up behavior near a characteristic point 

Proof of TheoremUl Consider u{x,t) a blow-up solution of equation ([1]) and xq £ .5^. 
From the result of [26j recalled in (iv) in page[3l we know that estimate (|13p holds for some 
k = k{xQ) > 2 and \9i\ = 1, with continuous functions di{s) = — tanhCj(s) G (—1,1) 
satisfying (|14p . In order to conclude, we claim that it is enough to refine this estimate 
by showing that 

Ci(s) = Ci(s) + Co + o(l) ass^oo, (25) 

where (Ci(s))i (|15p is the explicit solution to system (|16p . Indeed, once this is proved, we 
can slightly modify the Ci{s) by setting Cii^) exactly equal to Qi^) + Co (as required in 
pzp ) and still have (|13p hold, thanks to the following continuity result for the solitons 
K{d) 

\\n{di) — n{d2)\\j^Q < C| argtanhdi — argtanh(i2| (26) 
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(see Lemma [3. 71 below for a more general statement). Thus, our goal in this section is to 
show (|25p . where the = — argtanh(ij(s) are the parameters shown in (jl3p proved 
in m\. 



From [26!, Proposition 3.2], we recall that {Ci{s))i=i,...,k is in fact a function sat- 
isfying the following ODE system for i = 1, . . . ,k: 

— r' = e~F=^(^'~^'-i) - e-l^('^'+i-^») + Ri where R, = O ( as s ^ oo, (27) 

for some explicit constant ci = ci{p) > 0, and a fixed small constant ij = r}{p) > 0, 
with the convention that Cq{^) = ~co and C,j.j^i[s) = +00. (Systems similar to (|27p 
also appear in other contexts, for example, in the boundary layer formation for the real 
Ginzburg-Landau equation, see |3| llOj). 

We proceed in two parts: we first study system (|27p without the rest term (i.e. when 
all = 0), then we take into account the full system and conclude the proof. 

Part 1: The ODE system with no rest term 

Our system (|27p with no rest terms is stated in (|16p . 

We proceed in 4 steps: We first give explicit solutions for system (|16p . Then, we 
study its critical points and give a Lyapunov functional for it. In the third step, we find 
a compact in R'^ stable by the flow of system (|16p . Finally, applying Lyapunov's theorem 
we show that any bounded solution is asymptotically close to one of the explicit solutions 
given in the first step. 

Step 1: Explicit solutions for system (|16p Let us introduce 

7. = (p-l)(-i + ^)- (28) 
We look for a solution of system (|16p obeying the following ansatz 

0(s) = -^logs + ai, (29) 
we get the following necessary and sufficient condition: for alH = 2, . . . , /c, 

j=i j=i 

which makes a one parameter family of solutions, for example characterized by its center 
of mass ^X]i=iCi('5) (which in fact remains independent of time). Fixing the center of 
mass to be zero, we obtain the following particular solution 

Ci(s) = -y logs + Oi, 



already defined in (jlSp . where Oj = ai{p, k) are uniquely determined by 
k 

(T,- = n. fi » _ ^ 

4ci 



5^ Oi = 0, e-i^("'-^'-i) = ^^^(i -l){k + l-i), i = 2,...,k. (30) 



i=l 
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In particular, all the other solutions obeying the ansatz (|29p are obtained as 

Ci{s) = Us) + Co (31) 

where is the constant value of the center of mass ^ Yli=i Ci{s). Let us remark that 

Vs>0, Ciis) = -Ck-^is). (32) 

Indeed, from the definition (|28p of 7^ and system (|16p . we see that {—Ck-i{s))i is also 
a solution of system (|16p obeying the ansatz (|29p . Therefore, as in (|3ip . we have for all 
i = 1,... ,k and s > 0, -Cfc-i(s) = Ci(s) + Co, where 

k k 

^o=1e(-cv.(«))=4^^^-(^^=°' 
i=i j=i 

and (1321) follows. 



Step 2: Critical points and a Lyapunov functional for system (|16p 

We now look at a perturbation C{s) = {Ci{s))i=i....,k of this solution. Denote 

2 

^i(r) = 7(Ci('S) - Ciis)) where r = logs (33) 

p-1 

and assume that the maximal solution exists on soihg intGrval [0, t^q ) where either Tqo is 
finite or Too = oo. We assume that 



Y.m = o (34) 



1=1 

Then, ?«(''") = for all r G [0, Too) and the satisfy the system 

'Ci = -ai(e-(«2-«i) - 1), 

= fTi_i(e~(«'~«'-i) - 1) -CTi(e-(^'+i-^') - 1), i = 2,...,k-l (35) 
,4 = ^fc-i(e~(^^-^'^-^)-l). 
where 

zfA; — i) , ^ 

^^ = (36) 

Denote 

6i(r) = ai_i(e-(«»M-«-iM) - 1) for i = 2, . . . , A: - 1, h = hk+i = 0, (37) 

so that 

Vi = 1, . . . , A;, = 6j - hi+i (38) 

and consider 

6(r) = min{6i(T)|i = 1,...,A: + 1}, 5(r) = max{6i(T)|i = 1, . . . , A; + 1}. (39) 
Note from (l37| that 

5(T)<0<S(r). (40) 
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Proposition 2.1 (The critical point and Lyapunov functionals of system (|35p under 
the condition (|34p '). The only critical point of system (|35p under the condition (|34p is 
= 0. Moreover, the functions B and —b are Lyapunov functionals for system (|35p . In 
addition, B — b is (strictly) decreasing, except «/^i(t) = • • • = .^^(t) = 0. 

Proof. Regarding the critical points: note that = if and only if ^2 = ■Ci- By a 
straightforward induction one sees that all are equal. As their sum is 0, the only 
critical point is ^1 = • • • = = 0. 

Let us now prove that B is nonincreasing along the flow; the argument for —b will 
be similar. Hence, let ^(r) = (^i(t), . . . , ^^(t)) be a solution of (f35|) such that 

^(r) 7^ for any r in the domain of definition. (41) 

Define 

J{T) = {ieli,k + mb,{T) = B{T)}, 

the set of indices i for which bi is maximum at time r. The following lemma allows us 
to conclude: 

Lemma 2.2. For all tq G [0,roo), there exist e = £{tq) > such that for all i £ 
J{To)nl2,kj, b^{t)<B{To) for allte{To,To + e). 

Indeed, assuming this lemma, let us show that for all z = 1, . . . , A: + 1, there exists 
ej > such that 

Vt G (To,To + ei), 6,(t) < B{to). (42) 

If i = 1, or i = A; + 1, then (|42|) is obvious from (|37| and (|40]) . 
li 2 < i < k and i G J{to), then (|42p is clear from Lemma 12.21 

li 2 < i < k and i J{to), then 6j(ro) < -B(to) by definition of J{tq) and (|42p follows 
by continuity of bi^r). 

By connectedness, it follows that B is nonincreasing on the whole interval of definition 
of the solution. The argument for —b is quite similar. 

In particular B(t) — 6(r) is nonincreasing too. Let us show that it is in fact decreasing. 
Since (|4ip holds, it follows that either B(tq) > or — 6(ro) > (otherwise B{tq) = 
6(ro) = by gOl, hence 6i(ro) = and ^^(ro) = 6(^0) = by ([Ml, (133) and (|M|, which 
is a contradiction by (|4ip ). Hence, using a similar argument to the proof of (|42p . we 
see that either B or —b is decreasing. Thus, B — b is decreasing, which is the desired 
conclusion for Proposition 12. II It remains to prove Lemma [2 .21 in order to finish the proof 
of Proposition 12.11 

Proof of Lemma \2.2l Let [m,m]] C J{to) be a maximal interval of integers included in 
J{tq). As J(to) is a union of such intervals, it is enough to prove Lemma 12.21 for all 
i G [m,m] n |2,fe]]. 

Notice that for i = 2, . . . ,k, bi has the sign of (^i_i — ^i), and that 

k = a^^^e-^^■^~^^~'\ii^l - ii) (43) 

has the sign of — Ci)- Now, using (|38p . we write 

i-i -ii = bi_i- 2bi + bi+i . (44) 

Case 1: lm,m\ C [[2, A;]. 
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In particular, as m — 1 ^ -/(t'o) and m + 1 ^ JiTo), we get 5m_i(ro) < B{tq) and 
6m+i(ro) < -B(to), and this shows that 

ibmiro) < 0, M-^o) < 0, ^^^^ 
1 bi{TQ) = 0, for all i such that m < i <rn. 



li i = m OT i = m, as 6j(ro) is maximum, we see that 6i(ro) < 0, so that Lemma 12.21 
holds for this i. 

Now assume m < i <m, then 6j_i(ro) = fci(To) = ^i+i(To) = B{tq), so that ^j_i(ro) — 
Cj(''"o) = and then 6i(To) = from (|43p and (|44p . We will show in fact that a higher 
derivative of bi is negative at r = tq which will conclude the proof of Lemma 12.21 for this 
i. More precisely, we prove the following: 

Claim. Let d{i) = mm{i — m,fn — i}. If d{i) > 1, then 

b^{ro) = ■■■ = bf'^Hro) = and 6^ «+^)(ro) < 0. (46) 

To prove the Claim, for n G |1, [{m — m)/2\^ where [z\ stands for the integer part 
of z E R, consider the proposition 

Pn : feS-i+n(^o) < 0, 6£|,_„(ro) < 0, and Vi G + n, m - n], ftf ^(ro) = 0. 

In some sense, this proposition relies on an inductive mechanism, where a negative higher 
derivative propagates from i = m in the left direction, affecting after each step the next 
derivative of the left neighbor. A similar phenomenon starts from i = m and goes to the 
right. We will prove proposition P„ by induction on n. 

Note that (|45p proves Pi. Let n > 2 and assume that Pi, . . . Pn-i hold. In particular, 
Pn-i gives 

fc+n(^o) < 0, 6S;2-n(^o) < 0, and Vi £ [m - 1 + n; m + 1 - , 6S"-'Vo) = 0. 
Differentiating (04]) (n — 1) times gives 

Jn) _ Jn) _ , (n-l) _ ^lin-l) , An-l) 

From the previous two statements, we see that 

C!n-2+n('^o) - 'e|^li+„(ro) < 0, C^I^{to) - ^^|i_„(ro) < 0, 
and for i G [m + n, m - nj, ^•"i(ro) - Cl"^('ro) = 0. 

Propositions Pi, . . . Pn-i show (in the same way) that for i G — l+n;m + l — nj 

i-i{ro) - Uro) = ■■■ = cti'\ro) - ^t'\ro) = 0- (47) 

Now differentiate (|43p {n — 1) times using the Leibniz and Faa di Bruno formulas, we 
see that at tq, the only term remaining is the one with n derivative on ,^j_i — i.e. 

br\ro) = ^^^^^f^t^e-^«-(-)-^-^(-))(eS(ro) -C^(ro)). 
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Hence, we then deduce that 

htli+niro) < 0, 6£|i„„(ro) < 0, and for i e [m + n,m - n], 6^ Vo) = 0. 

This is Pn, which concludes the induction. Fixing i and c? G |1, . . . , we see that P^ 

gives bf^\To) = 0. Pd{i)+i gives b['^^^^^^\TQ) < 0. Hence the Claim is proved. 

From the Claim (and (|45p in the case d{i) = 0) and Taylor's expansion, we see that 
bi{t)-bi{To) ~ 6p^+^Vo)(i-T-o)'^(^)+^. In particular, as ftf ^*^+^^(ro) < 0, for some small 
enough e > 0, we see that for t G {tq,tq + e), bi{t) < 6j(ro) = B{tq). This concludes the 
proof of Lemma [2.21 in the case where |m, m| C |2, kj. 

Case 2: m = 1 or m = k + 1. 

We only treat the case where m = 1, the other case being similar. Moreover, we only 
sketch the proof, since it uses the same techniques as Case 1 above. 
Note first that since 1 E J{to) and &i(ro) = by (|37p . it follows that B^tq) = 0. 
Then, we claim that 

m<k-l. (48) 

Indeed, if m = /c, then recalling that 6fc+i(ro) = by (|37p . we see that J{tq) = |1, + Ij 
and [[m,m|| = [1,A;]] is not maximal in J{tq), which is a contradiction. 
If m = /c + 1, then for alH = 2, . . . , /c, 6i(ro) = and ^^(to) = 6(^-0) = bv p9]) . (l371) 
and (|34p . which is a contradiction by (|4ip . Thus, (|48p holds. 

If m = 1, then |m, mj H [2, /c] = and we have nothing to prove. 
If m > 2 (which means that /c > 3 by (|48p ). since m + 1 JiTo), arguing as for (|45p . 
we see that 

M^o) < 0, (49) 

and the conclusion of Lemma follows for i = rn. More generally, as in Case 1, the following 
claim allows us to conclude: 

Claim. For all i = 2, . . . , m, we have 

bi{To) = ■■■ = bf^^\TQ) = and 6p^+^^(ro) < where d{i) =m-i. (50) 

The proof of this claim uses the same iterative procedure as in Case 1, based on an 
induction for the following property for all n = 1, . . . , m + 2: 

Pn ■■ &£|i_„(ro) < 0, and Vi G [2, m - n], bf\To) = 0. 

Note that Pi follows by (Ii9]) . 

Note also that unlike the property P„, is Case 1 where the negative higher derivative 
is propagating both from the right and from the left, here, it propagates only from the 
right. The non propagation from the left is replaced by the information that that 61 (r) 
is identically zero, hence 6["'^(ro) = for all j G N. 

For more details, see Case 1. This concludes the proof of Lemma 12.21 □ 
As noticed above. Proposition 12 . 1 1 then proceeds from Lemma 12.21 □ 
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Step 3: A compact stable by the flow of ()35p under condition (|34p 
From the definition (|37p of 6i(T) and tlie equations (|43p and (|44p . we write for all 
i = 2, . . . ,k and r G [0, Too), 

hi = {bi + ai-i){bi-i - 2bi + bi+i) i = 2,...,k, (51) 

where we set by convention 

b,{T) = bk+i{T) = 0. (52) 
Note that thanks to condition (|34p and under the condition 

6i(T) > -fTj_i, (53) 

this system is equivalent to system (|35p . We claim the following: 

Proposition 2.3 (Compacts stable by the flow of system (f^ ). For all rj £ (0, ^] and 

A>Q, the compact nf=2[~^*-i "l"^' ^] ^'^ stable by the flow of system (|5ip . /n particular, 
any solution of system (|5ip whose initial data is in that compact is global. 

Remark. From the equivalence between system (|5ip and system (|35p under conditions 
()34p and (j53|) . any solution to the Cauchy problem for system (|35p under the condition 
()34p exists globally in time. The same holds for any solution to system (|16p too. 

Proof. Let 77 G (0, ^] and j4 > 0, and consider initial data for (|5ip such that 

Vi = 2,...,A:, -cTi_i + r/ < 6i(0) < A 

In particular, we have B{Q) < A where B{t) is defined in (|39p . Since B{t) is nonincreas- 
ing by Proposition 12. H it follows that 

Vi = 2, . . . , /c, 6i(r) < 5(r) < 5(0) < ^. 

Now we argue by contradiction and assume that for some r > 0, there exists i = 2, . . . ,k 
such that bi{T) < — fij + 77. Choosing the lowest r, we end up by continuity with some 
r* > such that 

(i) VrG[0,T*], yi = l,...,k, bi{r)>-ai + rj, (54) 
(ii) (''"*) = ~<^j + ^ ^iid bj{T*) < for some j = 2, . . . ,k, (55) 

on the one hand. On the other hand, {ai)i is a (strictly) convex family of semi-integers, 
so that in particular, 

Vi = 1, . . . , A;, -(Tj_i + 2ai - fTj+i > 1/2 

and remarking that 

bj-iir*) > -CTj-i and 6j+i(r*) > -Oj+i 

(use (|54p if the indices are between 2 and k, and use (|52p and the definition (|36p of crj if 
the indices are either 1 or fc + 1), we see from (|5ip and (|55p that 

b,{T*) = {b,{T*) + a,)(6,_i(r*) - 26,(r*) + 6,+i(r*)) 

> r/(-cJj-i + 2cjj - 2r/ - Oj+i) > e{l/2 - 2/?) > 

since we choose rj G (0, -g]. This is a contradiction with (|55p . □ 
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Step 4: Asymptotic behavior of solutions to (|35p under condition (|34p 
We endow K,'^ with the norm. We show in the following that any solution to system 
(|16p approaches the particular family of solutions given in Step 1: 

Proposition 2.4 (Asymptotic behavior for system (|35p under condition (|34p ). 

(i) Let (^i(T))j=i^...^fc be a solution to system (|35p under condition (j34p . with initial data 
at T = satisfying 

yi = l,...,k, 1^.(0)1 < Co (56) 

for some Cq > 0. Then, the solution is defined for all t >0 and there exists Ci(Co) > 
such that 

Vr>0, sup|ei(r)| < Cie~\ 

i 

(a) Let (Ci(s))j=i,...,fc be a solution to system (fT6)) with initial data given at s = 1. Then, 
the solution is defined for all s > 1 and 

1 " 

Vs>l, sup|0(s)-(0(s) + Co)| <Cs-^ mt/i Co = 7:5^0(1), 
' k=i 

where the (Ci(s)) is the explicit solution of system (I16p introduced in Step 1 above. 

Proof. Let us first derive (ii) from (i), then we will prove (i). 

(ii) Consider (Ci(s))i=i,...,A: ^ solution to system (|16p with initial data given at s = 1. 
Since the center of mass is conserved in time, introducing 

2 

ii{r) = [Ci{s) - {C,i{s) + Co)] where r = logs, 

we see from Step 1 above that 

Vr>0, Y.ar) = Y.m = ^ (57) 

i i 

and {^,i{T))i satisfies (|35p . Thus, (ii) follows from (i). 

(i) From the remark following Proposition 12. 3[ we know that ('^i(s))i=i,...,fc is globally 
defined in time. 

Introducing 6i(r) as in (|37p . we recall from Step 3 above the equivalence between system 
(|5ip and system (|35p under conditions (|34p and (|53p . In particular, using Proposition 
12. H we see that (62 ("?")) • • • > ^fc (''")) = (0, • • • , 0) is the only critical point of system (|5ip 
and that the functional B — h is a Lyapunov functional, strictly decreasing except at the 
critical point (see Step 3 above) . Since Proposition 12.31 provides us with a compact 

k 

K{Co) = Y\[-(^i-i + V, ^] for some rj = r/(Co) > and A = A{Co) 

i=2 

stable under the flow of system (|5ip . we see that Lyapunov's theorem applies to this 
system and yields the fact that hi (r) — )• as r — t- (see Appendix |X] below for the 
statement and the proof of the version of Lyapunov's theorem we use). From the relation 
(|37p between and hi together withe zero barycenter condition (|34p . we see that 

(i) Vt>0, MT)\<C2 = C2iCo), 
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(a) Ci{T) — )• as T — )■ +00. 

Since initial data are chosen in a compact (see (|56p above), using the continuity with 
respect to initial data, for solutions of ODEs on a given time interval, we see that this 
convergence is uniform, in the sense that 

Ve > 0, 3r*(C7o,e) > such that Vr > r*, ||^(r)|| < e. (58) 

Linearizing system (|35p near the zero solution, we write 

Vr > 0, p(r) - M^(t) II < C3||^(r)||2 for some C3 = Cs{Co) > 0, (59) 

where the k x k matrix M = (w-ij)(i,j)G[i,A;], with 

rrii^i-i = cTi_i, nii^i = -{(Ji-i + Uj), = ai,mij = if |i - j| > 2 (60) 

and fjj is defined in (|36p . We claim the following: 

Lemma 2.5 (Eigenvalues of M). The matrix M is diagonalizable, with real eigenvalues 

iii — 1) 

-mi = ^ , for i = 1, k, (61) 

and the associated eigenvectors Cj normalized for the norm. If i = 1, then ei = 
*(1,...,1). 

Remark. 

Proof. Since M is symmetric, it is diagonalizable with real eigenvalues. Furthermore, we 
can compute 

k-l 
i=l 

In particular, M{x,x) = if and only if (^,*(1,... ,1)) is linearly dependent, so that 
M has as an eigenvalue with eigenvector *(1,...,1), and the other eigenvalues are 
negative. 

The proof of the exact value (|6ip of the eigenvalues relies on clever transformation of the 
matrix M, which are somehow long. We leave them to Appendix O See Appendix O for 
the end of the proof of Lemma 12.51 □ 

With this lemma, we carry on the proof of Proposition 12.41 Now, as ^^(t) = 0, we 
have from Lemma 12.51 that 

(M^,0<-||^f, 

so that 

^||^(r)f <-2||^(r)f + C4||^(T)f 

for some C4 = C4(Co) > 0. Since ^(r) — )• as r — )• c«, uniformly with respect to initial 
data satisfying (|56p (see (|58p above), we see that ||^(r)|| < Cie~'^ = Cis~^ for some 
Ci = Ci(Co). This concludes the proof of Proposition 12.41 □ 
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Part 2: Proof for the perturbed ODE 

We now turn to the equation (|27p satisfied by (Ci('5))i, which is a perturbation of 
the autonomous system (|16p studied in Part 1. We will prove in fact that when s — )• 
oo, (Ci("5))i approaches one of the particular solutions of the autonomous system (|16p 
introduced in Step 1 of Part 1. More precisely, we will prove a more accurate version of 
(|25p . by showing the existence of (^o £ IR- such that 

Vi e [1, kj, C,{s) = Q{s) + Co + 0(5^") as s ^ oo, (62) 

where (Ci(s))i is introduced in (jlSp . 

Recall that we already have from (|14p a less accurate estimate, namely that 

Vi G 11, kj, Q{s) = Ci{s) + 0(1) as s^oo. 

We write from system (|27p that 

k / \ ^ k 



j=l ^ ^ i=l ^ ^ 



as s — )• OO (63) 



for some I £ R. Introducing 

k 



c.(s)-(Ci(s) + ^Ec^(«)) 



k 

i=l 



with T = logs, (64) 



p — 1 

we see from (|63p and the definition (jlSp of Ci(s) that ^ = *(^i, . . . ,S,k) satisfies 



Vr > TO, 



m-m{r))\\<Coe-^\ ^E^^(^) = 0' Ui^)\\<Co, (65) 

i 



for some positive Cq and tq, where / is the autonomous nonlinearity in the right-hand 
side of system (|35p . 

In particular, as we will show below, (Ci(''"))j=i,...,fc will be close to some solution of system 
(|35p for T large enough. Since solutions to (|35p converge uniformly to by Proposition 
12.41 (Ci (''")) will be as close to as we wish, provided that r is large enough. More 
precisely, we claim the following: 

Claim. For any e > 0, there exists f = f(e) > such that 

yi = l,...,k, Mf)\ <e. (66) 

Let us use first this claim to finish the proof, then we will prove it. 

From the analysis carried out for the autonomous system (|35p in the proof of Propo- 
sition 12. 4| we linearize system (|65p then use the spectral properties of the matrix M (|60p 
to write 

Vr > f, ^Wmf < -m{r)f + CU{r)f + Ce-^^. 

Taking e small enough and starting from the estimate (|66p at r = f, we get by a classical 
integration 

Vr > f, ||^(r)|| < C7e~''^ 

(we recall here that already in [26], the constant f] = r]{p) > was chosen small enough). 
Using the definition (|64p of ^i(s) together with (|63p . we see that (|62p holds and so does 
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the conclusion of Theorem [T]too. It remains then to prove the Claim in order to conclude 
the proof of Theorem [1] 

For any f > tq, let us introduce ,i=i,...,fc the solution of the unperturbed system 

()35p with initial data 

= Uf). (67) 

Using the continuity of solutions to ODEs with respect to the coefficients of the equations, 
we write from (|67p and (|65p for any L > 0, 

sup Mr) - e^,,(T - r)| < C7(L)e-''^ (68) 

i=l,...,fc;re[f ,f+L] 

Since we have from (|65p . 

k k 

Vi = 1, . . . , fc, |6,i(0)| < Co, ^f,i(0) = 0, hence ^ ^f,i(r) = for all r > 0, 

i=i i=i 

given e > 0, we see from Proposition 12.41 (i) that for some T*(Co,e) > 0, we have 

yi = l,...,k, |Cf,^(r*)| < |. 

Using (|68p with L = t*(Co, e), we see that 

= 1, . . . , A:, Uf + T*)\< \^fAr*)\ + C{T*)e-^^ < | + C{T*)e~^' < e 

provided that we take f = f(Co,e) large enough. Taking f = f + r*, we see that the 
Claim is proved, and so is (|62p . (|25p and Theorem [1] too, thanks to the reduction we 
wrote after giving (|25p . □ 



2.2 Refined geometrical estimates for the blow-up set 

This section is devoted to the proof of Corollary II. 1| which consists in a refinement of 
estimate (|lip itself coming from |27] . 

Proof of Corollary From translation invariance of equation ([T]) , we may assume that 
Xo = and T(xo) = 0. Up to replacing u by —u, we know from Theorem [1] that 




where k = k{0) > 2, 

d,(s) = -tanhO(s), Us) = Us) + Co (70) 

for some Cq G R, and (Ci(s))j introduced above in (jlSp is the solution of system (|16p with 
zero center of mass. From symmetry invariance, we may treat the case x < first, then, 
at the end of the proof, we will give indications on how to recover the case x > 0. 
Case X < 0: All that we need to do is to review the proof of estimate (jlip in [27] and 
mechanically improve its estimates thanks to the new refined blow-up behavior we have 
just proved with Theorem [1] 

In |27) . we prove the following estimate for Wx, where x < with |x| small: 
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Lemma 2.6. For all e > 0, there exists (5 > and L > such that for all x £ 
and Lk > L, we have 



-5,0) 



dsWx{sk)) V 



+ |Ai - 1| < e, 



where 



dlisk) 



diisk) 



1 + Ui{Sk 



■, diisk) = diiSk), iy^isk) = [b-il-diisk))]xe"', (71) 



Sfc = I log |x|| + Lfc, Sk = - log[|2;|(l -b) + e~ 



and 



Ai 



(72) 
(73) 



Proof. For the proof, see Section 3 in [271, particular the proof of Proposition 3.10 in 
that paper. Nevertheless, let us summarize in the following the 3 main arguments of the 
proof, and refer the interested reader to [27J for more details: 

- applying the similarity variables' transformation dU twice, we first recover an estimate 
on ^(x, t), then on W2^(s), but only on the interval 2/ G (yi(j;, s), 1), for some ?/i(x, s) > — 1; 

- using a very good understanding of the dynamics of equation ([5]) near the sum of 
decoupled solitons (the same dynamical study that we use later in this paper for the 
proof of Theorem [21 see Appendix [B] below) , we recover the same estimate on the whole 
interval y £ ( — 1, 1); 

- the estimate we recover on Wx{s) shows in fact that, like wq, Wx{s) is still a sum of k 
decoupled solitons, though the solitons are no longer "pure" (i.e. given by K{d) defined 
in (jlOp ). but generalized, given by the family K*{d, v) defined in (|79p . As time increases, 
this family starts to loose its members, starting from the right soliton (with index i = k) 
up to the second soliton (with index i = 2) which is lost at time s = given above in 
(j72p . Thanks to an energy argument, we show that this unique left soliton is a "pure" 
soliton, in other words given by — ^(d*) where d*(sfc) is defined above in (|7ip . □ 

This lemma shows that Wx{sk) is close to — K(d*). As a matter of fact, we have the 
following trapping result from Merle and Zaag |22j which asserts that Wx will eventually 
converge to a nearby soliton, with a near parameter: 

Proposition 2.7 (A trapping criterion for non-characteristic points). There exist eo > 
and Co > such that if for some xq G R, sq > — logT(xo); G {±1}, d £ ( — 1, 1) and 
e G (0, eo], we have 

Wxoiso) \ _Qf' t^idV 
^dsWxo{so)J V 



< e, 



.if' 



then xq G Wxq{s) — )• 9k{T' {xq)) as s oo and |argtanh r'(j;o) — argtanh(i| < Cqe. 



Proof. The original statement of this result was proved in Theorem 3 in [22) . The version 
we are citing comes from (ii) of Proposition 1.1. in |27]. See this latter paper for the precise 
justification. □ 
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From Lemma [2.61 and this trapping criterion, we already derived in |27| the fact that 
X is non-characteristic and that 

for all e > 0, there exists 6 > and L > such that for all x G (—5, 0) and > L, 
we have 

|argtanh(r'(x)) - argtanh {dl{sk)) \ < e. (74) 



Starting from this estimate and Lemma [2.6| we still follow the proof of Proposition 3.10 
in [27], adding however the following new ingredient, which directly follows from estimate 
(|17p proved in Theorem [1] and makes the only novelty with respect to [27]: 



1 - di{s) ~ 2e2("i+^o)s-'^i as s ^ oo. 
Recall first from (jlip and the definition (|28p of 71 that for |x| small enough, we have 

,, < b < ,^ and ,, < \T'{x) - 1| < ,^ ■ (75) 

C|log|a;||Ti ~ ~ |log|x||'^i C| log |ti - ' ^ ^ ' ~ | log |x| ["^i ^ ^ 

Therefore, from the definitions given in Lemma 12.61 above, we have as x — )• 0, 

Sk = -log|x| -log(l + e-^^) + 0(|log|x||-^i), 
l-di(sfc) ~2e2(°i+^o)|log|x||-^i, (76) 
Pi(sfc) = 0(|log|x||-^i). (77) 

Consider then e > 0. Since we have by definition (|73p of Ai: 

Ar'-" = (i + T^l (i + ^ 



l-dij \ 1 + di . 
using (|74p . (|76p and (|77p . we see that for small and large, we have 

1-di ~ 

Since we have 1 — d^ = 1 — di + 0{v'i) for small ui from (I7ip . using (I76p . the last line 
gives for |x| small and large: 

1 -dt -2e2(°i+^o)|log|x||-^i < C7e|log|x||-^i. (78) 

Therefore, from (|74p together with (|78p and (|75p . we write for x < 0, |x| small and 
large: 

|r'(x) -dl\< max (l - (r'(x))2, 1 - (dlf) |argtanh(r'(x)) - argtanh {dUsk)) \ 
< Ce\ log |x||~'^^. 

Since e > was arbitrary, using (|78p . we see that (|19p follows when x < 0. By integration, 
we get (|20p . also when x < 0. It remains then to treat the case x > 0. 
Case X > 0: Introducing it^(x'',t) = (— l)'^tt(— x", t), we see that is also a solution of 
([1]) with as a characteristic point and that T''(x^) = r(— x"). Thus, we reduce to the 
study of u'^ for x^ < 0. 
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Since we have from the definition of the similarity variables' transformation (|4|) that 
-y^s), we derive from ([691) the following estimate (after reversing 
the order of the solitons): 



dswlis) 







1=1 



as s — )• oo, 



-dk-i(s) satisfies the following from (|70p and the symmetry relation ([32 



where Di[s) 
on Ci(s): 

Di{s) = -tanhE;i(s) and Si(s) = -C,k-i{s) = -Qk-i{s) - Co = Ci(s) - Co- 

Thus, up to replacing Co by — Coi we see that we are in the case "x < 0" already treated 
above, and the result follows for with < 0, hence for u with x > 0. This concludes 
the proof of Corollary 11.11 □ 



3 Construction of a multi-soliton solution in similarity vari- 
ables 

In this section, we construct a multi-soliton solution in similarity variables for equation 
([5]). Technically, we use the dynamical system formulation introduced in |27j. For that 
reason, we introduce for all d G (—1,1) and u > —1 + |ci|, K*{d,u,y) = {kI, K2){d,u,y) 
where 

(1 _ 

i^iid,i^,y) = kq (79) 

{l + dy + u)p-'^ 

i^2\.d,v,y) = vdvKi{d,v,y) = — (80) 

P ^ {l + dy + u)v-^ 

We refer to these functions as "generalized solitons" or solitons for short. Notice that for 
any /i G R, k* (d, /xe^ , y) is a solution to equation ([5]) . Then 

- K*((i, /ie^, y) — )• (^(d), 0) in as s — )• — oo; 

- when /X = 0, we recover the stationary solutions {K{d), 0) defined in ([TO]) : 

- when ^ > 0, the solution exists for all (y, s) € (—1, 1) x IR and converges to in Jif as 
s — >• oo (it is a heteroclinic connection between {K{d),0) and 0); 

- when fi < 0, the solution exists for all {y,s) G (—1, 1) x ^— oo,log ^ ^ and blows 
up at time s = log ^ 



We also introduce for / = or 1, for any d G ( — 1, 1) and r G J^, 



Uf{r) = ^{Wi{d),r) , where (81) 
h r) ■■= j {qm + q'ir[{l - y^) + g2?'2) pdy 

= j {qi{-^ri + ri) +q2r2) pdy, 
Wi{d,y) := {Wi,i{d,y),Wi,2{d,y)), with 
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(1 + 



for some positive i{d) and q, and y) £ is uniquely determined as the solution 

of 

-^r + r=(l- P±^) Wi,2{d) - 2ydyWi,2{d) + ^ ^ ^'''^t^ (83) 
\ p — I J p — 1 I — 



normalized by the fact that Ilf{Fi[d)) = (f) {Wi{d), Fi{d)), where 

Fi(d,y) = (l-d2)i^ ( a+'iy)f-'^' \ , Fo{d,y) = il-d^)l^ 
(see estimate (3.57) in |26) for more details). 



y + d 



[l + dy)p-^' 




Given k > 2 and sq > 0, we will construct the multi-solution as a solution to the 
Cauchy problem of equation (|5]) with initial data 



1 

'{y,so) = ^(-l)V* {di{so),i^i,o) with < Sq^ ^\ (84) 
where (ii(so) is fixed by 

dj(so) = -tanhCj(so), 

Cj(so) is defined in (|15p and 7j is defined in (|28p . Such a solution will be denoted by 
T<;(so, (fj,o)j) 2/) ■s)) or, when there is no ambiguity, by w{y,s) or w{s) for short. We will 
show that when sq is fixed large enough, we can fine-tune the parameters fj^o in the 

intervals [— Sg ^ '''^'''■^o ^ ''^''] so that the solution w{so, {iyifi)i,y, s) will decompose as a 
sum of k decoupled solitons. This is the aim of the section: 

Proposition 3.1 (A multi-soliton solution in the w{y, s) setting). For any integer k > 2, 
there exist sq > 0, fj^o ^ IR- for i = 1,... ,k and (^q £ IR, such that equation ([SJ with 
initial data (at s = sq) given by (|84p is defined for all {y,s) G (—1,1) x [so,oo), satisfies 
{'w{s),ds'w{s)) G for all s > sq, and 



w{s) 
dsw{s) 



J2{-iy+\(d,{s)) 
1=1 

V 

for some continuous di{s) = — tanh(^j(s) satisfying 

Ci{s) - Ci(s) Co as s ^ oo for i = l 
where the Cj(s) o'^e introduced in (|15p . 



as s — )• oo, 



(85) 



(86) 



Remark. Note from (|84p that initial data are in x L^(— 1, 1). Going back to the u{x,t) 
formulation, we see that initial data is also in x L^(— 1, 1) of the initial section of the 
backward light-cone. Therefore, from the solution to the Cauchy-problem in light-cones, 
we see that the solution stays in x of any section. 
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As one can see from (|84p . at the initial time s = sq, w{y, sq) is a pure sum of solitons. 
From the continuity of the flow associated with equation (|5]) in Jif (this continuity comes 
from the continuity of the flow associated with equation ([1]) in x of sections of 
backward light-cones), w{y, s) will stay close to a sum of solitons, at least for a short time 
after sq. In fact, we can do better, and impose some orthogonality conditions, killing the 
zero and expanding directions of the linearized operator of equation (j5|) around the sum 
of solitons. The following modulation technique from Merle and Zaag in |22| is crucial 
for that. 

Proposition 3.2 (A modulation technique; Proposition 2.1 of [27]). For all A> I, there 
exist Eq{A) > and eo(^) > such that for all E > Eq and e < eq, if v ^ M' and for 
all i = 1, k, {di, Vi) G (—1, 1) x IR are such that 

-1 + T ^ T^T^ ^ ^' - C > ^ and \\q\\jf < e 

^ 1 - \di\ 

k 

where q = v — ^^(— l)-'K*(Jj, z/j) and d* = = — tanh(f*, then, there exist (dijUi) 
i=i 

such that for all i = 1, . . . ,k and I = 0,1, 

1. n^' (g) = where q := v - Yl'j=ii-^y ''^*idj,^j), 



2. 



l-\di\ 



+ \a-C*\<C{A)\\qU<C{A)e, 



5. -1 + ^ < <^+^> C+i - C > I and \\q\U^ < C{A)e, 

where d* = = -tanhC*- 

Let us apply this proposition with r = w{y,SQ) (|84p . di = dj(so) and i>j = z/j^o- 
Clearly, we have q = 0. Then, from (|84p . (jlSp and straightforward calculations, we see 
that 

1 - \di\ Vso 4 

for So large enough. Therefore, Proposition 13 . 2 1 applies with A = 2 and from the continuity 
of the flow associated with equation (|5]) in J^, we have a maximal s = s(so, (fj,o)i) > sq 
such that w exists for all time s S [sq, s) and w can be modulated in the sense that 

k 

w{y, s) = ^(-l)^K*K(s), Ui{s)) + q{y, s) (87) 

i=l 

where the parameters di{s) and t'j(s) are such that for all s E [so>s]. 



and 



nf ^'^(g(s)) = 0, V/ = 0,1, i = l,...,k 



'^-^^^^<s-''\ C*^^(,)_^;(5)> (^-illogso and Us)U< 



l-\di{s)\- ^ ' MV^.- g ,„,^,„.. 
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Two cases then arise: 

- either s(so, {'^i,o)i) = +00; 

- or s{sq, < +00 and one of the < symbol in (|88p is a =. 

At this stage, we see that controUing the solution w{s) £ .3^ is equivalent to control- 
ling g e jr, {di{s))i e (-1,1)^ and {yi[s))i G R''. Introducing 



k I 



j^^g-^(O-O-i)^ J = J^-^, j = ^e-?^(^-^'-) (89) 



1=2 1=1 « i=l 



where 



{p if p < 2, 

2-1/100 ifp = 2, (90) 
2 if p > 2, 

we recall from |27| |26] the dynamical estimates satisfied by those components: 

Proposition 3.3 (Dynamics of the parameters). There exists 5 > such that for sq 
large enough and for all s £ [so,s), we have 



<C{\\q\\% + J+\\q\UJ) (91) 



<Ci\\qW%, + {J+\\q\U')J + j'+'), (92) 



Clip) 

\\q{s)f^ < Ce''^'-'o)\\q^So)\\% + CJ{sf, (93) 

where Cj(s) = — argtanh (ij(s), ci{p) > was already introduced in 126, Proposition 3.2], 
J, J and J are introduced in (1891). 



Proof. This statement is a small refinement of Claims 3.8 and 3.9 in |26j and Proposition 
3.2 in |27) where the authors handle the same equation. For that reason, we leave the 
proof to Appendix [Bj □ 

From (|92p and (|88p . we see that (Ci(s))i satisfies a perturbed version of the system 
(|16p studied in Section|2] Moreover, as one can see from our purpose stated in Proposition 
13.11 our aim is to show the existence of a solution with Qi^) ~ Cii^) as s — )• 00 (at least 
when i 7^ ^2^)- Hence, it is natural to do as in (|33p in Section |2] and linearize system 
([92]) around (Ci(s))i by introducing 

^^{s) = ^{Ci{s)-C^{s)) (94) 
p — 1 

If ^(s) = (Ci(s), . . . , i^fc(s)), then we obtain the following perturbed version of system 
([59)1 : For all s G [so,s): 



s 



< + C{Us)f^. + {J{s) + |k(.)||.^^) J» + J{s)'+'), (95) 



where the self-adjoint k x k matrix M is introduced in (|60p and is diagonalizable as 
stated in Lemma 12.51 (note that here we keep the time variable s and don't work with 
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r = logs). It is then natural to work in the basis defined by its eigenvectors (ej)j by 
introducing (p{s) = ((/)i(s), . . . , (pk{s)) defined by 

k 

^(5) = I^</'i(s)ei. (96) 

i=l 

Note that thanks to all these changes of variables, controlling w is equivalent to the 
control of {q, cf), (i^j)j). As a matter of fact, in order to control w near multi-solitons, we 
introduce the following set: 

Definition 3.4 (Definition of a shrinking set for the parameters). We say that w G 
"^(so, s) if and only if 

s'/'+1kl|,if' < 1, Vi = l,...,A:, s^/^+\^^\\vi\<l, 

Vi = 2,...,/c, < 1, and s[J|(/>i| < 1, ' ^ ' 



where 



r/ = ^min<' 1,(5, - - - [> , (98) 



5 > Q is defined in Proposition \3.3\ and p is defined in (|90p . 

From the existence of s, we know that there is a maximal s*{so, E [sq, s) such 

that for all s G [so,s*), w{s) G y{so,s) and: 

- either s* = +oo, 

- or s* < +00 and from continuity, w{s*) G dY{so, s*), in the sense that one < symbol 
in (|97p has to be replaced by the = symbol. 



Our aim is to show that for sq large enough, one can find a parameter (fi,o)i in 

it 

s* {so, = +00. (99) 



nr=i[-'So' '^'Uo' '^''] such that 



Introducing 

k 

J = Y.ct>] (100) 
i=2 

(we emphasize that the sum's index runs from 2 to /c, and not from 1 to /c), we derive 
from (|92p the following differential inequality satisfied by (f){s): 

Corollary 3.5 (Dynamics for 0j). For all s G [sq,s*), 



+ — ^ 



J 



s 



<C- + C[ \\q\\%. + (J + \\q\U)J+ ) . (101) 



Remark. This corollary is more subtle than one may think. Indeed, if we project the 
differential inequality (|95p on the eigenvalues of M, then we trivially obtain almost the 
same identity as (jlOip , except that the right-hand side has an additional term C ^ . With 
more work, we get the subtle version, which suits our purposes. 
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Proof. This is a direct consequence of the estimate (|92p . First recall from the definitions 
(fTSl) . (1301) and jM]) of Ci(s), and di that 



2ci s 

Then, as to G ^{sojs), defined in (|94p are bounded, we have the expansion (uniform 
in s): 

= e-^(^^ - ^-i) (1 - - e.-i) + 0((6 - 

p-1 Oi-x 



lex s 



'l-iC^-C^-l) + Om-C^-lr) 



Hence, from the differential identities (|16p and (|92p satisfied by and (^j, the equation 
on writes (recall from (|36p that ctq = o'jt = 0) 

p-1 

+ 0{\\qfj^ + {J + \\q\U)J + J'+') 
Hence we conclude from the definition (1601) of the matrix M 



k = -^M^ + I^Ek^^Jlzl^ j + 0{\\qf^ + (J + \\q\U)J + Jl+^). 

Note that this differential inequality is already more accurate than (|95p which was ob- 
tained by a rough Taylor expansion of (|92p . 

Now if we denote Cj = *(ei^i, . . . , Si^k) the eigenvector of M defined in Lemma [2.51 (recall 
that ei = *(1, . . . , 1)), we see from the definition (f96|) of 0(s) that 

k k 

j=i j=2 

and from this, we deduce: 

k 

^|C,-C,_l|2 = 0(J) 
j=2 

where J is defined in (jlOOp . Hence, when projecting the last relation of ^ on the ej, we 
obtain the desired relation. This concludes the proof of Corollary 13.51 □ 

With Proposition 13.31 and Corollarv 13.51 in our hands, we are in a position to prove 
the following, which directly implies Proposition 13.11 
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Proposition 3.6 (A solution w{y,s) £ '^(so,s)). For sq large enough, there exists 

{i'ifl)i E riiLiI^'^o^ ''''"''•^o^ -^^^c/i that equation with initial data (at s = sq) 
given by (f84l) is defined for all (y, s) G (—1, 1) x [sq, oo) and satisfies w{s) G ^{sq, s) for 
all s > Sq. 

Proof of Proposition \3.6l In fact, we started the proof of this proposition right after the 
statement of Proposition 13.11 For the sake of clarity, we summarize here all the previous 
arguments, and conclude the proof thanks to a topological argument. 

Let So be large enough. Define B (resp. S) the unit ball (resp. sphere) in {]R!',£°°), 
and the rescaling function 

Ts:u = *(s-i/2-|7i|^^^ s-i/2-l7.l^^)^ (102) 

For all u £ IB, we consider the solution w{sq, v, y, s) (or w{y, s) for short) to the equation 
([5]), with initial condition at time sq given by (|84p with 

(i^i,o)i = rso(^)«- 

As we showed after the statement of Proposition 13.21 w{y, s) can be modulated (up to 
some time s = s{sq,i') > sq) into a triplet {q{s), {di{s))i, (fj(s))j). From the uniqueness 
of such a decomposition (which is a consequence of the application of the implicit function 
theorem, see the proof of |271 Proposition 2.1]), we get 

g(so) = 0, di{so) = di{so) and Ui{so) = Tso{i^)i- (103) 

Performing the change of variables (j94| and (|96p . we reduce the control of w{s) to the 
control of {q{s), (i/j(s))j, {(j)i{s))i) and we see from (|103p that 

yi = i,...,k, Mso) = o- (104) 

Introduce 

N{u,s):=im.^\s'/^+^q{s)\U, supsV2+l7.l|^^(<,)|, sup s''|0,(s)|, s^lM^A , (105) 

I i i>2 J 

we see that '^{so, s) (Definition 13. 4p is simply the unit ball of the norm N{i', s). 

As asserted in (|99p . we aim to find v so that the associated w £ ^([sq, oo), J^) is 
globally defined for forward times and 

Vs > So, N{u,s)<l, i.e. w{s) £ fiso, s). 

We argue by contradiction. Assume that the conclusion of Proposition 13. 61 does not hold. 
In particular, for all v, the exit time s*{sq,v) is finite, where 

s*(so, u) = sup{s > Sq I Vr G [sq, s], N{u, t) < 1}. (106) 

Then by continuity, notice that 

N{u,s*{so,u)) = l, (107) 

and that the supremum defining s*(so, i^) is in fact a maximum. 
We now consider the (rescaled) flow for the i/j, that is 

$ : (s, u) ^ Ti\\ui{s), Uk{s))). (108) 
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By the properties of the flow, <I> is a continuous function of (s, v) G [sq, s*{sq, v)] x B. By 
definition of the exit time s*{so,i'), we have that for all s G [so,s*{sq,i')], G B. 

The following claim allows us to conclude: 

Claim. For sq large enough, we have: 

(i) For all i/ G B, <^{s*iso,v),v) G S. 

(ii) The flow s i— ?• $(5,1^) is transverse (outgoing) at s = s*{sq,v) (when it hits S). 

(iii) If 1/ G S, then s*{so,v>) = sq and ^{s*{so,u),u) = v. 

Proof of the Claim. In the following, the constant C stands for C{sq). 

(i) Since for all s G [sq,s*{sq,v)], N{sq,s) < 1, it follows that |</>(s)| < C, hence from 

the change of variables (|94p and (|96p together with the definition (|15p of Ci{s)i see 

that 

Ms)\ = -^ICiis) -Ciis)\<C so that \Qis) - d-iis) - ^ logs\< C. 
p — 1 2 

This in turns implies that l/{Cs^^'^) < I - df < C/sl'^'l, except for i = {k + l)/2 if k is 
odd, where 1 — di{s)'^ > ^. This leads also to the bounds 

•^-7' 

where the different quantities are defined in (|89p and (jlOOp . 

Hence, the estimates ()93]) . (|103p . (j9T]) and (jlOip read as follows: for all s G [sq, s*(so; 1^)] 

Us)\W < ^ < and from this (109) 

/ 1 1 I \ C 

- '^^l ^ + 7^ + 5l/2+|7,|+p/2 ) ^ 7^ (110) 

m,- 1_ 1 1 1 1 ^ ^ C 

i + — < C (^-^ + _ + _ + -^—^ + 7TT5 J ^ (111^ 

provided that sq is large enough, (we used the definition (|98p of r] in the first and last 
line above). Now, if i = 2, . . . , /c, recall from Lemma [2.51 and the definition (|98p of rj that 
< 277 < m-j. Considering gi{s) = s"^^(j)i{s), we see that |i?i(s)| < Cs"^^~^^^'^^\ Since 
0j(so) = by (|104p . we write 

1^.(^)1 <(f)" 10.(^0)1 + ^ = ^<^ (112) 



for So large enough. For 0i, directly integrating the relation (jllip and using the fact that 
01 (■So) = (see (|104p ) gives, for sq large enough, 

\Ms)\ < \Mso)\ + -S^ = -Sy < A- (113) 

So' Sq' 

Since N{i/, s*{so,u)) = 1 by (|107p . we see from the definition (|105p of N together with 
P09p . (|112p and (|113p that necessarily there exists i = 1, . . . ,k such that 

s*{so,uy/^+^^^Ws*{so,u))\ = l. 

Using the definitions (jlOSp and (|102p of the flow <I> and the rescaling function r<j, we get 
to the conclusion of part (i). 
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(ii) Assume that ^{s,v) € S for some s G [sq,s*{sq,v)]. Therefore, there exists i = 
1, . . . ,k such that 

sl/2+l7.| 1^.(5)1 = 1. (114) 

Using (jllOp . we write 

|,i/2+i7.i,,(,) = ,i/2+h,i + 1^,1) Mi + 



Using (|114p . we deduce that for sq large enough, 

ds s^^+Muiis) - 2' 

The same computation holds for any j such that I'jis*) reaches one extremity of the 
interval. Thus, the flow is transverse on B and part (ii) holds. 

(iii) Let 1/ G $. From (|103p and the definition (jlOSp of the flow we see that 

<^{so,i^) = i^. (115) 

Since u £ S, we can use (ii) of the Claim and see that the flow $ is transverse to IB at 
s = Sq. By definition of the exit time, we see that 

s*{so,v) = So- 
Using (jllSp . we get to the conclusion of part (iii). □ 

We now concludes the proof of Proposition 13.61 From part (ii) of the claim, v — )• 
s*{sq,v) is continuous, hence from (i) and (iii), 

u ^ <^{s*{so,v),v) 

is a continuous map from B to S whose restriction to $ is the identity. By index theory, 
this is contradiction. Thus, there exists v £ IB such that for all s > sq, N{so,v) < 1, 
hence w^sq, v, •, s) € ^^sq, s). This is the desired conclusion. □ 

It remains to give the proof of Proposition 13.11 in order to conclude this section. Let 
us first recall from Lemma A. 2 in |27) the following continuity result for the family of 
solitons K.*{d, v): 

Lemma 3.7 (Continuity of k*). For all A> 2, there exists C{A) > such that if {di, vi) 
and {d2,i'2) satisfy 

e[-l + lA], (116) 



1 - \di\' 1 - \d2\ ' A 

then 



\K*{di,ui) - K*{d2, 1^2)11. 

Vi V2 



<C{A) 



l-ldil 1-1^2 



+ |argtanhdi — argtanhd2| ) . (117) 
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Remark. Since K.{d,y) = K*{d,0,y) (see (jlOp and (|79p ). this statement is a generalization 
of the continuity identity for the family K{d,y) given in (|26p . 



Proof of Proposition \3.1[ Let us consider the solution constructed in Proposition 13.61 
Since w^s) G y{so, s) for all s > sq, from Corollary 13 . 5 1 and the definition 13. 4l of y{so, s), 
we see that (jllip holds. In particular, for i = 1, we see that 



C 



Therefore, 4>i{s) converges to some Zq S R as s — )• oo. Since (/>i(s) — )• for i = 2, . . . ,k, 
using (|96p and the fact that ei =* (1, . . . , 1) (see Lemma 12. 5p . we see that ^j(s) — )• Iq. 
From dMl), we see that Ci(s) - Ci(s) ^ Co = ^^^k for all i = 1, k and (|86|) follows. 
In particular, 

1 — |dj(s)| ~ CjS"'''''' as s — )• oo, 
hence, from the definition 13.41 of Y{sq,s), we have 



Vs > So, 



< C{so)s- 



1 - \di{s) 

Therefore, Lemma l3. 71 applies and since K*{di{s),0,y) = n{di{s),y), we have 



\K*idiis),i^i{s)) - i^idiis),0))\U^ < C(so) 



1 - Idiis) 



<Ciso)s-2. 



As ||g(s)||jf' < 1 by definition 13.41 of y{so,s), and with ()87)) . we deduce 



tt;(s) 



5](-ir+iK(d.(s)) 

i=l 

V 



< lk(s)||^ + C(so)s 2<C(so)s"5 



and ()85p follows. This concludes the proof of Proposition 13.1 



□ 



4 Multi-solitons solution in the u{x,t) setting 

In this section, we use the multi-soliton in similarity variables of Proposition 13.1 1 together 
with the Lorentz transform to prove Theorem |2] and Corollary 11.21 



4.1 Prescribing only one characteristic point 

We prove Theorem [2] here. We proceed in 2 parts: 

- in Part 1, we translate the construction of the previous section into the u{x,t) setting, 
and recover a solution to our purpose, without the possibility of prescribing the center of 
mass. This part contains straightforward and obvious arguments which may be skipped 
by specialists. We give them for the reader's convenience; 

- in Part 2, we apply the Lorentz transform to the solution constructed in Part 1, making 
the center of mass of the solitons equal to any prescribed value. 
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Proof of Theorem 

Part 1: A multi-soliton solution in the u{x,t) without prescribing the center 
of mass 

This part has straightforward arguments. It may be skipped by speciahsts. 
Consider an integer k > 2 and consider w{y, s) the solution of 1^ constructed in Propo- 
sition 13.11 

Then, let us define u{x, t) as the solution of equation ([!]) with initial data in Hj^^^ ^ x 
-'-'k)cu(^) "^hose trace in (—1, 1) is given by 

2 

u(x, 0) = w(x, So) and dtu(x, 0) = dgwix, sq) H wix^ sq) + xdywix, sq). (US) 

p — 1 

We will see that u{x, t) satisfies all the requirements in Theorem[2l except for subscribing 
the center of mass. More precisely, using the definition of similarity variables' transforma- 
tion (U]) in the other way, we translate the properties of w{y, s) in the following properties 
of u{x, t): 

(i) For all t G [0, 1) and |x| < 1 - t, 

u{x,t) = {l-t)-l^^w(^r^^,so-\og{l-t)^ . (119) 

Indeed, by definition (|H) of similarity variables, the function on the right-hand side of 
pi9p is a solution to equation ([T]) with the same initial data (|118p as u{x,t). Since that 
initial data is in x — 1, 1) and equation ([T|) is well-posed in x of sections 
of backward light cones, both solutions are equal from the uniqueness to the Cauchy 
problem and the finite speed of propagation, hence (|119p holds. In particular, from (|4|), 
we have 

Vs>0, VyG(-l,l), wo,i{y,s)=wiy,s + so). (120) 

(ii) u is a blow-up solution. Indeed, if not, then u is global and u G -L^^([0, oo), Hj^^^ ^ x 
Lf^^ u(^))- particular, we write from the Sobolev injection, for all s > and e > 0, 

2a 

lko,i('S)||L2 < C||u||icx,(|^|<i+,_t)e p-1 ^ as s ^ oo. (121) 

This is in contradiction with (|120p and (|85p . 

(iii) T(0) = 1. Indeed, from (|120p we see that u{x, t) is defined in the cone |x| < 1 — t, 
t > 0, hence r(0) > 1. From (|12ip . we see that if T(0) > 1 -|- e for some e > 0, then the 
same contradiction follows. Thus r(0) = 1. 

(iv) From above, we can use the simplified notation for (H]) and write wq instead of 
T<;o,i, and rewrite (|120p as follows: 

Vs > 0, VyG(-l,l), wo{y,s) = w{y,s + So). 

Using (|85p and (|86p . we see that (|22p follows for wq with 

Ciis) — Cii^) — )• Co as s — )• OO for i = 1, k 

where Co S R and (Cj(s))j fjlSp is the explicit solution of system (|16p . Using the continuity 
result (|26p for K{d,y), we see that (|22p still holds if we slightly modify the Qi^) 
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putting Ci(s) = Ci(s) + Co as required by (|23p . Finally, from the classification of the 
blow-up behavior for general solutions given in page [3l we clearly see that the origin is 
a characteristic point. 

Thus, we have a solution obeying all the requirements of Theorem [21 except that we 
cannot prescribe the center of mass Co in 



Part 2: Prescribing the center of mass of the sohtons 

Now, we take the solution constructed in Part 1 and perform a Lorentz transform to 
be able to prescribe the center of mass of the solitons. 

More precisely, given an integer k > 2, Part 1 gives a blow-up solution u'^{x^,t^) of 
equation ([T]) with as a characteristic point such that T''(0) = 1 and 

k 




i=l 




as s — )• oo, 



(122) 



(123) 



where Wq is its similarity variables' version around (0,T'*(0)) introduced in (0]), 

4{s) = -tanhCfis), cf{s) = Q{s) + Cl 

(Cj(s))j is the explicit solution of system (|16p introduced in (|15p and Cq £ IR- In particular, 
ti" is defined (at least) in the truncated cone 

^0,1,1 n {t^ > 0} defined in ©. 

Given an arbitrary Co £ IR-i our goal now is to construct u a blow-up solution of 
equation ([T]) with as a characteristic point such that its similarity variables' version wq 
has a profile decomposing into k solitons as in the following: 



wo{s) 



( ^ 

E( 

\ 



K[di{s)) 



as s — oo, 



with 



di{s) = -tanhCi(s) and Ci{s) = (i{s) + Co- 
Since this would imply by definitions (jlSp and (|30p of Ci{s) and that 

Cijs) + ■ ■ ■ + Ckjs) . 

k 

we call this part of the proof "prescription of the center of mass". 

For this, consider Lorentz transforms of u": given d G (—1,1) we consider 



(124) 



(125) 



u{d;x,t) = J{x^,t^) with 



x-d{t- 1) 



and t 



1 + 



t — 1 — dx 



Note first that u{d;x,t) is still a solution of equation ([TJ. Note also that the cone "^0,1,1 
is preserved by the Lorentz transform, and that the image of the truncated cone ^0,1,1 ^ 

{t^ > 0} is included in the truncated cone ^0,1,1 H {t > 1 — a/j^^}- 



Now, in self-similar variables, the Lorentz transform reads as fol 



ows: 



{l + dy)p~^ 
The following claim allows us to conclude: 



1 + dy' 



s + log 



1 + dy ' 
(126) 
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Claim. We have the following: 
(i) It holds that 



sup 

|j/l<i 



(l-y2)F 



Wo 



i=l 



as s 



oo, 



where ^1*^2 = ^- 

(ii) There exists td > I - such that {u{td), dtu{td)) e x L'^{\x\ < 1 - td). 

Indeed, let us define from u a solution u satisfying the requirements of Theorem [2j 
From translation invariance of equation ([T|), we may take the time origin at t = td- 
Take 

d = tanh(C^ - Co). (127) 

From (ii), we can consider u{x,t) the solution of equation ([1]) with initial data (at t = td) 
in HJ^^^ X L2^^^(1R) whose trace in (—1, 1) is given by 

u{x,td) = u{d;x, td) and dtu{x, td) = dtu{d; x,td). 

Following Part 1, we see that n is a blow-up solution, r(0) = 1 and 

Vt G [td, 1) and |x| < 1 — t, u{x, t) = u{d; x, t). 

In particular, 

Vs > and \y\ < 1, wo{y, s) = wo{y, s) 

and (i) of the Claim provides us with an asymptotic expansion for wq in L°° with the 

weight (1 — 2/^)p~^ on the one hand. On the other hand, using the classification of all 
blow-up solutions of equation ([T]) given in page El we see that 



wo[s) 



( ' 

Y^{-i)^+^^{d,{s)) 

i=l 

V 



as s — 00, 



(128) 



with 9i = ±1 and: 

- either is a non-characteristic point, hence k = 1, di{s) = T'(0), 

- or is a characteristic point, with k > 2, and di{s) = — tanhCj(s) with 



Ciis) - Us) 



< c 



for s large enough (use the definition (jlSp of Qi^) to derive this from (|14p ). Recalling 
the following Hardy-Sobolev inequality from Lemma 2.2 page 51 in |22j : 



yh G j^o, 

we write from (|128p that 



(i-y')--MlL-M,i) <c||/i||^o. 



sup 

ls/l<i 



(1 - y^)^ My, s) - §1 j2i-^)'^'<Ms),y) 



i=l 



—7-0 as s — >• 00, 



(129) 



(130) 
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Introducing 



Wo{S,,s) = (1 - y'^)p~^wo{y,s) with y = tanh^ 



and Ko(0 = KQCOsh p-i ^, we write from (i) of the Claim and (|130p two expansions of 
t&o as s — )• oo as follows: 



sup \Wo{C,s) - V(-l)'+'/co(C - Chs) + argtanhd)! ^ 0, 



sup \WoiC, s) - §1 V(-l)^+i/io(C - ^ as s ^ oo. 

Comparing these two expansions for the same function, we immediately see that 

k = k, §1 = 1 and Cj(s) = Cfi^) ~ argtanhd + o(l) as s — )• oo. 

In particular, k >2, hence is a characteristic point for u. Moreover, using the continuity 
estimate (|26p on K{d,y), we see that (|128p holds also with 

Ci(s) = Ci(s) - argtanhd = Ci{s) + Co " argtanhd = Ci(s) + Co- 

where we used the definitions (|123p and (|127p of Cii^) and d in this last line. This is the 
desired estimate in Theorem |2j It remains to prove the claim in order to conclude. 

Proof of the Claim. 

(i) Using the Hardy-Sobolev inequality of (|129p . we see that (|122p yields the fact that 



sup 

stt>Ttt,|j/tt|<l 



i=l 



as r" 



oo. 



(131) 



In the following, we will apply the Lorentz transform in the w version (|126p to this 
estimate to get the desired conclusion. 

Note first that straightforward calculations give the fact that has a group structure, 
in the sense that 



^di° = '^di*d2 where di * d2 



di + d2 



1 + did2 

Therefore, since we have K{d) = =^(ko) from the definition (jlOp of K,(d,y), we see that 

K{d*dl{s),y) = =^,,^«(,)(ko) = ^dO^,,^^^{Ko) = ^M4i^))- (132) 
Since we have from (|126p the fact that 



(l-y2)(i_d2) 



(1 + dyy 

we write from (I126p and (I132p for s > — log(l — t^) and \y\ < 1 

/ k 



Wo 



{y,s)-Y,{-^T^'^{d*4{s),y) 



i=l 
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(I_y2)^ U,wl{y,s)-Y,i-^y^'^d<4{s),y) 



i=l 



(l-y2)(i_d2 



p-1 



w 



1=1 



< 



(1 - - Y,{-lf-''K{d\{s^)J) 

\ i=i 

k 

+ E |(i - y"')^ y*) - y")) I > (133) 

where and s'' defined in (|126p satisfy 

|stt-s|<ilogi±M. (134) 

Using (|129p and tlie continuity relation (|26p of K,(d,y), we write 

sup (l-/)i^(KK»(s«),y«)-KK»(.),y«)) < Kidlis^)) - K{dlis)) 
|j/tt|<i ^ ^ M 

< C\ argtanh(ij(s^) — argtanli(ij(s)|. 
From the definition (|123p of (if(s) and (|134p . we see that 

(l-/)i^(Ac(4(5«),y«)-K(4(5),y«)) 

Therefore, using (|133p and (|135p . we write 



sup 

|y«l<l 



^ C\S^-S\ ^ C{d) 



(135) 



sup 

lyl<l 



(1-y^) 



< 



lytl|<l, stt>S-il0gi 



^ |^t«o(2/, s) - Y^{-iy+\{d * dl{s),y)^ 

(1 - y«')^ (y*, s*) - J2{-iy^\{dl{J), ytt)^ 



1 

-ld| 



+ 



C{d) 



Using (|13ip . we conclude the proof of (i) of the Claim. 

(ii) It is enough to prove that for some S2 > si > 0, we have 

ni 
(woiy, s)f + {dyWo{y, s)f + (dsWoiy, s)fdyds < C{s2, si,d). (136) 
-1 

Indeed, if this is true, then, by the mean value theorem, there exists G (sij'S2) such 
that 



{wo{y,Sd)) + idyWo{y,Sd)) + {dsWo{y, Sd)) dy = 

1 S2- Si 



1 ^ . C{s2,si,d) 



S2 - Si 



Using the similarity transformation (|4| in the other way, we get the desired estimate 
with td = 1 — e~'^'^. Let us prove (|136p then. 
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From the transformation (|126p . (|134p and the similarity variables definition (j4|), we see 
that 

S2 + — log "'"^l^^l 1 

Id,s„s,<C{d) r / {wl{yKs^)f + {dywl{yKs^)f + {dswl{yKs^))Vds^ 

Jtl{d) Jlxttl<l-ttl 

Since initial data for rt" is in x 1, 1) and equation ([1]) is well-posed in i?^ x 
of sections of the backward light cone with vertex (0, 1) (see the paragraph right after 
pi9p ). this latter integral is bounded in terms of d, si and S2- This concludes the proof 
of the Claim. □ 

Since the Claim implies Theorem [21 this concludes the proof of Theorem |2] too. □ 



4.2 Prescribing more characteristic points 

We use the finite speed of propagation to derive the multiple characteristic points case 
(Corollarv II. 2p from the one characteristic point case (Theorem |2]) . 

Proof of Corollary \1. 21 Let us first remark that thanks to the invariance of equation [1] 
under space and time translations together with the following dilation 

A ^ uxiC, r) = A^m(A^, At), 

we can prescribe the characteristic point and the blow-up time, in addition to the number 
of solitons and the center of mass. More precisely, given xGlR, T'>0, A;>2 and C.o G H, 
there exists a blow-up solution % ^ ^ ^ of equation ([1]) in Hj*^^ ^ x L^^^ u(^) such that x 
is a characteristic point, T{x) = T and Wx behaves as in (|22p and (|23p with k = k and 
Co = Co. 

Let us now consider / = {1, ...,no} or / = N and for all n G /, G El, T„ > 0, 
A;„ > 2 and Co,n S R such that 

Xn ~l" < Xn+1 

From this condition, we can define a solution u(x, t) of equation ([1]) in Hj'q^ ^ x L^^^ u(^) 
by taking its initial data such that 

Vn E /, \/x £ {Xn-Tn,Xn + Tn), u{x,0) = Ux„,T„,k„,(;o,Jx^^) 

and the same for time derivatives. From the finite speed of propagation, this identity 
propagates in the cone ''fx„,Tn,i for positive times, in the sense that 

Vn £ I, Vt G [0,T„), Vx G (x„ - (r„ - t),x„ + (r„ - t)), u{x,t) = «x„,T„,fc„,Co,n(^>*) 

and the same for time derivatives. As we did in Part 1 of the proof of Theorem|2]above, we 
see by obvious arguments that u{x,t) satisfies all the requirements of Corollarv 11.21 □ 
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A Lyapunov's Theorem 



We give the statement of the version of Lyapunov's Theorem that we crucially use in the 
proof of Theorem [1] given in Section |2] above. 

Theorem 3 (Lyapunov's Theorem). Let K be a compact set oflR.^, X : K ^ R*^ he a 
vector field, and xq G K, the interior of K. Denote by {t,x) i— )• ip{t,x) the flow of X (at 
time t, starting at point x at time 0). 

Assume that K is stable by the flow (in particular, for all x £ K, the flow is globally 
defined), and that there exists L : A' — t- R, a continuous function (Lyapunov) such that 

\/x G K \ {xq}, 1 1—)- L{(p{t,x)) is (strictly) decreasing. 

Then, xq is a critical point for X (the only one in K), and for all x G K \ {xq}, 
L{x) > L(xq) (so that L reaches its infimum on K at xq only). 

Furthermore, for all x £ K, (p{t,x) — )• xq as t ^ +oo (xq is a global attractor in K). 

Remark. The stability of K can follow from various assumptions on L, for example if 
L is defined on a neighbourhood of K where the decreasing assumption holds on, and 
K = L-i((-oo,£]) for some £ G R. 

Proof. Let c = inf{L(a;) | x G and / = L^^({c}) be the set of points where L reaches 
its infimum. 1^0 because L is continuous and K is compact. Now if x G K\{xq}, then 
L{Lp{l,x)) < L((y9(0, x)) = L{x), so that x ^ I. Hence / = {xq} and for all x G K\{xq}, 
L{x) > L{xo). 

We now prove that xq is a critical point. We claim that it is enough to prove that 

there exists to > such that Vt G [0, to]) '/'(*) 2:0) = xq. (137) 

Indeed, if (|137p is true, then by the uniqueness in the Theorem of Cauchy-Lipschitz, we 
see that (p(t,Xo) = xq for all t > and xq is a critical point. Let us then prove (|137p . 
Assume by contradiction that (|137p does not hold. Then, there exists a decreasing se- 
quence of times t„ — such that ip{tn,xo) 7^ xq. As (^(t„_i, xo) = (p{tn-i —tn, fitn,xo)), 
the sequence L(ip(tn, xq)) is strictly increasing, hence, it has a limit a > ip{ti,xo) > c. 
But t„ — )• so that (^(t„,xo) — ?• xo by continuity of the flow, and by continuity of L, 
L{(p{tn, Xq)) — )• L(xo) = c, and we reached a contradiction. Thus, (|137p holds and xo is 
a critical point. 

Let us finally prove that {p{t,x) — )■ Xo. Note that it is enough to prove that 

L{ip{t, x)) — ^ c as t — ^ CO. (138) 

Indeed, if a sequence (y„) C K is such that L{yn) — )• c, then y„ — )• xo, otherwise, there 
exists a subsequence z„ of y„ and e > such that for all n, Zn € K \ B(xQ,e). This latter 
set is compact, so that up to a subsequence which we also denote z„, z„ converges to 
some z £ K \ B(xo,£). By continuity, L{z) = c = L(xo), so that z = xo from the fact 
that / = {xo}, and we reached a contradiction. Let us then prove (|138p . 
Assume by contradiction that (|138p does not hold. Then, there exists 6 > such that 
the non-increasing function 

L{(f{t,x)) c + 5 as t +00. (139) 
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As {(p{t, x))t remains in Ks := K H L^^([c + 6, oo)) which is a compact, there exists an 
increasing sequence of times tn — >• +00 and x G Ks such that ip{tn,x) — >• x. Note in 
particular that 

xj^xq (140) 

Now let i G R and consider the flow starting from x. By continuity of the flow, ip{t, x) = 
lim.nf{t,ip{tn,x)) = liijin ^{t + tn,x). As L is continuous, L{{p{t + tn, x)) — )• L{(p{t,x)) 
on the one hand. On the other hand, from (|139p . we have L[ip{t + tn,x)) — )• c + (5. 
Hence, for any t G H, L{(p{t,x)) = c + 5. This is a contradiction because we are not on 
the stationary trajectory (see (|140p ) and L is strictly decreasing outside that trajectory. 
Thus, {p{t,x) — )• as t — )• 00. This concludes he proof of Lyapunov's Theorem. □ 



B Dynamics of equation ([5]) near multi-solitons 

This section is devoted to the proof of Proposition 13.31 Since the proof needs only minor 
refinements with respect to the proofs of Claims 3.8 and 3.9 in (27| and Proposition 
3.2 in |26) . we only give indications on the refinements. Hence, this section is not self- 
contained, since making it self-contained would add many pages with no new techniques 
with respect to |26) and |27] . 



Proof of Proposition We first recall from |27| Appendix C] the equation satisfied by 
q defined in (|87p for all s £ [so,s): 



"Vf »J (141) 



where 
L 



Rj ^ (/(ft) 



k 



k 

R = \Kir^Ki - Y.i-^Y'^udA^), M^),yr. 

We now proceed to the justification of the 3 estimates of Proposition 13. 3| based on 
Lemma C2., Claims 3.8 and 3.9 of |27) . together with Proposition 3.2 in [26]. 
Since estimate (|88p holds for all s € [so,s), all those results hold provided that sq is large 
enough. As a matter of fact, we take below s £ [sq, s) and sq large enough. 

- (|9ip follows from |27| Lemma C.2 (i)] (use the last identity of the proof of (i)) 

- (|93p follows from |27| Claim 3.8 (ii), (iii)] (see the proof of Claim 3.9 (ii)there). 

- With respect to the analysis in |i27j, (|92p needs some refinements, see |26) . Note first 
that we have a rough estimate from |27| Lemma C.2 (i)] which we recall: 

-\C{s)\<c(\\q\\^ + J+\\q\U-^). (142) 
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Using the proof of this statement in that paper and j26| Appendix C], we derive 



{-ir+^d[ll'§ {ddK*{d,,n)) + IQ ((0,i?)) < C [\\q\\'^. + J'+'- + \\q\\,^.-^j (143) 

for some 6i > 0. The term IIq' {ddi<*{di,Vi)) has been evaluated in [271 Claim 2.2], but 
we need to further refine it, given the fact that | is small (see (|88p ). Using estimates 
(2.36) and (2.27) given in the proof of [271 Claim 2.2], we see that 

1 ij* 

IIq' {ddK*{di,Ui)) = 



CqL 



Y'\l - Y'')^^-^dY + (1 - Xi) ( Xidi + 



p — 1 
where cq > 



p + i\ r y^(i -y^)^ 

V^J J -I 1 - xjdlY^ 



(p-l)(l-df)— 



-dY 



(144) 



Since 



t^i - = d*, we write 



1 y2(i _y2)^ 

1 1-xfd^Y^ 



dY < 



l-d: 



* 2 



Y^(l - Y^)~dY. 



Using ()88p and the definition (|89p of J, we see that for sq large enough, we have 



1 C , 

< and LL,- 



2ko 



1-df - l-d] ' * (p_l)(l_d2) 

Using dHH), (fT45]) and (fT46]) . we see that 



< C- 



l-df 



< CJ. 



(145) 



(146) 



(p - 1)2(1 -d?) J_, 



y2(l _ y2)^-l^y 



< CJ. 



(147) 



Now, we estimate the second term of (|143p . Proceeding as for the proof of |26| Proposition 
3.2] given in Section 3.3 of that paper, we derive the fact that 



nj*((0,fl)) - C2{p){-iyXf-' [Ai_ie"i^(^'-^^-^) - A,+ie-F^(^^+^-^^) 



(i-djW^)p-i 



(148) 

1 

— , where by convention 



for some C2(p) > 0, ^2 > and Xj{s) = 

Co{s) = — oo and (k+iis) = +oo. Since we have from (f88]) and (jSQj) . \Xj{s) — 1| < 



C 



l-\dj{s 



< CJ{s) for So large enough, we see from (|148p that 



<((0,i?))-C2(p)(-l)* 



Recall di = -tanhCi hence C' = -"riV- Using (fT43]) . (IT471) . (IT42]) and (IT49]) . we see that 
(|92p is proved. Finally, we would like to stress the fact that since our computations are 
based on those appearing in the proof of |26| Proposition 3.2], the constant ci(p) > we 
get in (|92p is the same as in that statement. □ 
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C Computation of the eigenvalues of the matrix M 

We finish the proof of Lemma 12.51 here by proving formula (|61 p . Recall from (|36p that 

i{k — i) 



for z = 0, . . . , A:. 



For 2 G P) ^1) we define the tridiagonal squared matrix of size /c — j + 1 by 



(-^3 



0-1 

-CJl - CTj + l 0-2 

CTj + l -Cr2-(Tj + l CT3 



V 



(150) 



that is, on the upper diagonal lie ai, o"2, . . . , cxfc-i, on the lower diagonal aj, crj^i, 
. . . , CTfc-i) and the sum of the coefficient of each column is zero. Note that is the 
zero 1x1 matrix and that M = M^. We now prove the following Lemma, which give 
the result for j = 1. 

Lemma C.l. is similar to the diagonal matrix 

diag(0, -j, -j - (i + 1), -j - U + 1) - (j + 2), . . . , -j - (j + 1) (fc - 1)). 

Indeed, when j = 1, we see that the eigenvalues of = M are given by 0, — 1, 
— ^y^,. . . ,— (^~^)^^ ^ which is the desired conclusion announced in (|6ip . Let us prove the 
lemma now. 

Proof. We will prove the result by decreasing induction on j. The result is obvious for 
j = k. If it holds for j + 1, let us prove it for M^. Let A be the {k — j + 1) x {k — j + 1) 
matrix 

/I ••• 



A 



/I 



V 



so that A ^ 



-1 



0\ 





-1 V 



Let us conjugate Mj by A and compute: 



/- 



amIa^'^ 



-en 





V 



CJl 

-CJj + l (72 





\ 





-O'k-l O-k-j 

y 
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/-fJl - CTj 













-fJ2 - CTj+i 


02 

























V 













/ 


\ 






-j ldk-j+1 + 























\0 • • • 


i / 




where the last hne comes from the fact that 






- (Tl - (Jj + aj + l = (Tl - (72 - CTj + i + Crj+2 








— O'k-j-2 — <^k~j~l — <^k 


-2 + o-fc- 


-1 = (^k- 



\ 





(Jk-j-1 

/ 



(because cij is quadratic in z with highest order term — 

The induction hypothesis gives that the right-hand side block matrix is diagonaliz- 
able, with eingenvalues j, 0, -(j + 1), -((j + 1) + (j + 2)), . . . , -((j + 1) + • • • + (A: - 1)). 
Hence is diagonalizable with eigenvalues 0, — j, + + ~(i + (i + l) + (j + 2)), 
. . . , — (j + (j + 1) + • • • + (/c — 1)). This concludes the induction and concludes the proof 
of Lemma [23] too. □ 
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